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1
$X$ $X$ $n$ n-
(partial linear space) , $X$ , $P$ (X) $\mathcal{L}$
, $\mathcal{L}$ , 2 1
\dagger . Nonassociative algebras associated with Fischer spaces and vertex operator algebras
|. Atsushi MATSUO




2 $\ell_{1},$ $\ell_{2}$ , $\ell_{1}\cap p_{2}=\emptyset,$ $|l,$ $\cap\ell_{2}|=1,$ $\ell_{1}=\ell_{2}$
2 $x,$ $y$ , (collinear)
2 $x,$ $y$ , $x$ $y$ $x[perp] y$ , $x$ $y$
$x\sim y$ (collinearity graph)
, $X$ (vertex) , $x,$ $y$ (edge)
$x\sim y$ (graph)
$X$ , 3
, $x\sim y$ $x$ $y$ $x,$ $y$
, $x\circ y$
$\mathrm{A}^{2}(2)^{\vee}$ 6 $X=$ {x12, $x_{13},$ $x_{14},$ $x_{23},$ $x_{24},$ $x_{34}$ } ,
$\mathcal{L}=$ $\{\ell 1, \ell_{2},l_{3}, l_{4}\}$ , $l_{i}=\{x_{mn}|i\not\in\{m, n\}\}$ . (1.1)
, $X$ $\mathrm{F}_{2}$ (dual affine plane of order
2)
, $\mathrm{F}_{2}$ $\mathrm{A}^{2}(2)$ ,
, $\mathrm{A}^{2}(2)^{\vee}$ ,
$\mathrm{A}^{2}$ (3) {0, 1, 2} 9 $X=$
$\{x_{i,j}| 0\square i,j\square 2\}$ , 3- $\{x_{i,j}, x_{kl},, x_{m,n}\}$ $(i+k+m,j+l+n)\equiv$
$(0,0)\mathrm{m}\mathrm{o}\mathrm{d} 3$ $\mathrm{F}_{3}$
$\mathrm{A}^{2}$ (3) (affine plane of order 3) , 9
102
$\mathrm{P}^{2}$(2)7 $X=\{x1, x_{2}, x_{3}, x_{4}, x_{5}, x_{6}, x_{7}\}$ ,
$\mathcal{L}=\{\{x_{1}, x_{2}, x_{3}\},$ $\{x_{1}, x_{4}, x_{5}\},$ $\{x_{1}, x_{6}, x_{7}\}$ ,
(1.2)
$\{x_{2}, x_{4}, x_{6}\},$ $\{x_{2}, x_{5}, x_{7}\},$ $\{x_{3}, x_{4}, x_{7}\},$ $\{x_{3}, x_{5}, x_{6}\}\}$
, $X$ F2 $\mathrm{P}^{2}(2)$ (projective plane of
order 2, Fano plane) , 7
2





$x\in X$ , $\overline{x}$ , $\{\overline{x}|x\in X\}$ F-
$\ovalbox{\tt\small REJECT}_{\mathrm{x}=\oplus \mathrm{F}\overline{x}}x\in X$
(2.1)
, $\mathrm{F}$- $\overline{B}_{X}$
, , $(|)$ ,
, $\tilde{B}$
, $x=y$ $\tilde{x}\cdot x$
-
$\overline{x}$ $2\tilde{x}$ , Virasoro
, 0
103




, $X$ (regular) , $X$
$X$ , (valency)
, $k$ , $y\in X$




, $y\in X$ $\overline{\omega}_{X}\cdot\tilde{y}=2\tilde{y}$ , $\tilde{B}_{X}$
, $c_{X}=2(\tilde{\omega}|\tilde{\omega})$
2 $( \frac{4}{4+k\delta})^{2}\sum_{x,y\in X}(\tilde{x}|\overline{y})=\frac{4\gamma\nu}{4+k\delta}$ (2.4)
, $\nu=|X|$ $X$
2.3
, , : $\overline{B}_{X}$ $(|)$
(in riant) , $(\overline{x}\cdot\tilde{y}|\overline{z})=(\overline{x}|\overline{y}\cdot x\tilde)$ $x,$ $y,$ $z\in X$
,
(1) $x\sim y\sim z$ $\mathrm{r}\mathrm{e}\mathrm{l}(x\circ y, z)=\mathrm{r}\mathrm{e}1$ (x, $y\circ z$ ).
(2) $x[perp] y\sim z[perp] x$ $x[perp] y_{\text{ }}z$ .
, $*$ $=,$ $[perp],$ $\sim$ , $x*y$
$\mathrm{r}\mathrm{e}\mathrm{l}$ (x, $y$ ) $=*$
Fischer 3 Fischer ,
2 $\mathrm{A}^{2}(2)^{\vee}$ $\mathrm{A}^{2}(3)$
$($Buekenhout, cf. $[\mathrm{C}\mathrm{H}])_{\text{ }}$ Fischer $(1)(2)$ o
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Steiner 3 Steiner ,
2 , 2 $x,$ $y$
$x\sim y$
$\mathrm{P}^{2}$ (2) $\mathrm{A}^{2}$ (3) Steiner
Steiner $(1)(2)$
3











, $A$ $s$ $-4/\delta$
, $B_{X}$ $d$ , $A$ $-4/\delta$
, $\overline{B}_{X}=B_{X}$ , $d_{X}=\nu$ , $-4/\delta$
, $g$ , $d=\nu-g$
4 Fischer
Fischer , $G$ , $G$
$D$ , $D$ $G$ , $D$
2 , $D$ 2 $g,$ $h$ , $gh$ 3
$\text{ }$ , $D$ (class of 3-transposition)
$G$ , $X_{G}=D$ , $D$ $f,$ $g,$ $h$
3 $\mathrm{S}_{3}$ $G$ , ,
L , $(X, \mathcal{L})=$ ( $X_{G},$ $\mathcal{L}$G) Fischer
1. Fischer [Fi],[As],[CH]
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, Fischer $X$ $x$ ,
$\sigma_{x}$ : y-$ $\{$
$y$ ( $x=y$ $x[perp] y$ )
$\prime x\circ y$ ( $x\sim y$ )
(4.1)
$X$ 2 $D_{X}$ , $D_{X}$
$X$ $G_{X}$ , $G_{X}$ $D_{X}$




, {1, 2, 3, 4} $i$ $j$
, $G_{X}$ 4 $\mathrm{S}_{4}$ , $D_{X}$
$\mathrm{A}^{2}$ (3) $3^{2}$ : 2 3 $X=\mathrm{A}^{2}(3)$ $x_{i_{\dot{d}}}$
$\sigma_{i,j}=\sigma_{x:,\mathrm{j}}$ , $k,$ $l$ , $x_{k,l}$ $x_{-k-i,-l-j}$
, 3 , $\sigma_{0,0}\sigma_{i,j}(f_{l},)=x_{k+i,l+j}$
, $\tau_{i,j}=\sigma_{0,0}\sigma_{i,j}$ , $\mathrm{F}_{3}^{2}$ , $\sigma=\sigma_{0,0}$ -1
, $G_{X}$ , $\sigma$ 2
$3^{2}$ , $3^{2}$ : 2
5
5.1 Griess
$V=\oplus_{n=0}^{\infty}V$n , $V^{0}=\mathbb{C}1$ $V^{1}=0$
$\yen_{\beta}2\text{ }$ :
$Y(a, z)= \sum_{n\in \mathbb{Z}}a_{(n)}z^{-n-1}$ (5.1)
$B_{V}=V^{2}$ , :
$a\cdot b=a(1)b,$ $(a|b)1=a(3)b$ (5.2)
$V$ Griess , $V$ Hermite
, $V$ Hermite $B_{V}$
, $X$ $B_{X}$ $V$
Griess $B_{V}$
2. $t^{\wedge\backslash }.\supset\backslash$ \mbox{\boldmath $\tau$} $[\mathrm{F}\mathrm{L}\mathrm{M}],[\mathrm{M}\mathrm{N}]$
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, $x\in X$ $B_{X}$ $V$ Virasoro
, $\gamma=2(x|x)$ – , $B_{X}$ 2
$V$ , (2.4) $c_{X}$ $V$ $V$
$\omega$ , Griess $B_{V}$ $d=\mathrm{d}\mathrm{i}\mathrm{n}\mathrm{l}V$ 2 ,
$\nu$ $\nu-g$
5.2 Fischer $(\gamma=1/2, \delta=1/2)$
Griess $e\in B_{V}$ $e\cdot e=2e,$ $2(e|e)=1/2$ , $L_{n}^{e}=e(n+1)$
1/2 Virasoro $V$ $V$ 0,
1/2, 1/16 :
$V=V_{e}$ (O) $\oplus$ K(1/2) $\oplus V_{e}$(1/16)(5.3)
$V_{e}(1/16)=0$ , $V$ 2 :
$\sigma_{e}=\{$
1 $(V_{e}(0)-\mathrm{h}T^{\backslash }\backslash )$
-1 ( $V_{e}(1/2)$ )
(5.4)
, [Mil] , $e$ $E$ $\sigma_{e}$ $D_{V}$
, Aut $V$ $G_{V}$
$E$ $B_{V}$ , $B_{V}$ $V$ , $G_{V}$ ,
Fischer , $V$ Griess $B_{V}$
$\gamma=1/2,$ $\delta=1/2$ $B_{X}$
Fischer $X$ $G$ ,
Hermite
Fischer , 2 ,
$\mathrm{A}^{2}(2)^{\vee}$ $\mathrm{A}^{2}(3)$ , $B_{X}$
Her $\mathrm{t}\mathrm{e}$ $V$ Griess $B_{V}$ ,
$\mathrm{A}^{2}(3)$ , Fischer $X$ $\mathrm{A}^{2}(3)$




Fischer Symplectic Fischer , $\mathrm{J}.\mathrm{I}$ . Hall
([Hal],[Ha2]) , (strongly regular graph)
$([\mathrm{B}\mathrm{o}\mathrm{s}],[\mathrm{H}\mathrm{i}])$ , Hall ,
3 ,
3. Virasoro [FQS], [Gi]
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$B_{X}$ , -8
, $G$ Fischer $X$ , $\mathrm{S}_{2m+1}$ $\mathrm{S}_{2m+2}$
, $F=2^{2m}$ , $\nu$ $X$ $|X|,$ $k$ (valency),
$s$ , $g$ $s$ , $c$
, $d$ Griess
, $F^{2}$ : $\mathrm{S}_{n}$ $V_{\sqrt{2}D_{n}}^{+}$ ([DLMN]) , $\mathrm{O}_{10}^{+}(2)$ $V_{\sqrt{2}E_{8}}^{+}$
([Gr]) , $V_{\sqrt{2}D_{n}}^{+}$ $V_{\sqrt{2}E_{8}}^{+}$
, [Mal] $11_{\text{ }^{}-}\mathrm{a}4$
6
Fischer $(\gamma=1/2, \delta=1/16)$ $\gamma=1/2,$ $\delta=1/16$
, , $\mathrm{S}_{3}$
[Mi2] (cf. [La]) $\text{ }$. ,
-64 , $\gamma=1/2,$ $\delta=1/2$
4. [Mal] , $\gamma=1/2,$ $\delta=1/2$
,
108
Fischer Symplectic $\gamma=1/2,$ $\delta=1/16$
Virasoro
, $G$
, $2\mathrm{A}$ $D$ , $D$
1A, $2\mathrm{B},$ $3\mathrm{C}$
$V^{\mathfrak{h}}$ ([Bor],[FLM]) , $D$
Griess $B_{V\#}$ , $\gamma=1/2,$ $\delta=1/16$ $B_{X}$
$\mathrm{P}^{2}(2)(\gamma=4/5, \delta=2/3)$ Hamming $V_{H_{8}}$
$V_{\sqrt{2}D_{4}}^{+}$ , ,
, 14/5 ,
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